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9.10 Quantitative Study of Vortex Pairing in a Circular
Air Jet
Contributed by:
C. Schram, M.L. Riethmuller

9.10.1 Introduction
The purpose of the present work is the prediction of the aerodynamic sound
produced by vortex pairing in a low Mach number circular air jet. The acoustical far field is obtained using an aeroacoustical analogy known as Vortex
Sound Theory, on the basis of a description of the flow field provided through
PIV. The use of experimental data as input of an aeroacoustical prediction
method constitutes the originality of the present work. The accuracy of the
measurements is of crucial importance due to the high sensitivity of the aeroacoustic prediction with respect to errors in the flow data [342, 345].
A synchronization technique has been devised in order to reconstruct a
pseudo-temporal evolution of the vortex pairing using a conventional, low
frequency PIV acquisition system. The technique involves the excitation of
the jet instability in order to obtain a repetitive vortex pairing stabilized
in space and phase. The acquisition of the PIV series is synchronized with
respect to the excitation signal in such a way that pseudo-time resolved series
are obtained [346].
The remainder of this section is focused on the technical details of our
PIV measurements and the assessment of the random and bias errors. The
developments related to the aeroacoustical theory are given in full length in
[345, 347], only the final comparison between the PIV-based sound prediction
and acoustical measurements is given in section 9.10.7.
9.10.2 Acoustically Excited Jet Facility
The experimental facility is sketched in figure 9.50. Air enters into the nozzle
pipe through a honeycomb and turbulence is further reduced by grids placed
just upstream of the nozzle contraction. The boundary layer is laminar at the
downstream end of the contraction. The outlet diameter is D = 0.041 m, and
the jet discharges into an anechoic room with a velocity U0 = 34.2 m/s. The
walls of the settling chamber are covered with a 10 cm thick layer of acoustical
absorbing foam to reduce acoustical resonances of the settling chamber.
The set of images in figure 9.51 shows one pairing sequence obtained by
smoke visualization. The leading and trailing vortex rings prior to pairing are
respectively indicated by L and T. They are coplanar in the central image, at
the instant that is known to correspond to the peak acoustical emission [343].
The vortex ring resulting from the merging of the leading and trailing rings
is indicated by M.
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Fig. 9.50. Acoustically excited subsonic jet facility.

9.10.3 PIV Measurements
A seeding generator provides 1 µm particles obtained by evaporation of oil on
a heated plate followed by re-condensation. In order to obtain a homogeneous
seeding across the shear layer, seeding is spread over the volume of the whole
test room. Pairs of short pulses (duration below 5 ns) with a pulse separation
equal to 10 µs are fired by double-pulse Nd:YAG laser. The light beams are
reshaped in light sheets using two spherical lenses and a cylindrical lens, to
illuminate a meridian plane of the jet flow in the nozzle outlet region. Series
of 32 pairs of particle images are obtained using a fan-cooled 12-bit PCO
CCD camera having a 1280 × 1024 pixel2 non-interlaced sensor chipset and a
PC-mounted frame grabber controlled by the PCO software. A pulse delay
generator is used to synchronize the camera and the laser. The laser is trig-

Fig. 9.51. Smoke visualization of vortex pairing.
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gered at a frequency equal to 8.012 Hz, and the CCD camera captures pairs
of images at half that frequency, i.e. 4.006 Hz. A lens with 50 mm focal length
was used to minimize optical distortion.
The synchronization of the PIV system with the acoustic excitation signal
yields pseudo-time resolved sequences of 32 images, spanning over two excitation periods to cover at least one complete pairing event. A total of 100
sequences, randomly triggered, was recorded in order to sample the vortex
pairing with a good time resolution.
The particle images are processed using a PIV software, Window Distortion Iterative Multigrid (WIDIM [157]), developed at the von Karman Institute for Fluid Dynamics. The data analysis is based on the cross-correlation
of the pairs of particle images. The position of the correlation peak is obtained
within sub-pixel accuracy using a Gaussian interpolation scheme. A fine spatial resolution is obtained thanks to a multigrid predictor-corrector approach.
A window overlap of 50% was used to further increase the spatial resolution.
Finally, a first order deformation is applied to the interrogation windows to
cope with the strong velocity gradients encountered in the jet shear layer.
These features allowed for obtaining a spatial resolution of 0.33 mm while
keeping the validation rate above 96%. A vector is validated when the amplitude of the correlation peak is at least 50% larger than the amplitude of
the second highest peak. The processing parameters are summarized in table 9.14. The spatial resolution is expressed as a fraction of the jet diameter
D and vortex core diameter σc . The vortex core is here defined as the region
of the vortex where the tangential velocity increases for increasing distance
from its center [339].
9.10.4 PIV Uncertainty: Random Errors
The velocity uncertainty is assessed on the basis of a comprehensive evaluation
of the performance of the PIV software used in this work, made by Scarano
& Riethmuller [158]. The error on the velocity is related to two factors:
•

•

The random error on the determination of the position of the crosscorrelation peak within sub-pixel accuracy. The evolution of the uncertainty on the particles displacement as a function of the local displacement
gradient is given in [158].
The errors due to the finite dimension of the interrogation windows. This
leads to two important limitations bearing on i) the maximum amplitude of the displacement gradient that can be measured, and ii) the minimum measurable spatial wavelength, related to the spatial integration
performed by the cross-correlation. The first order window distortion applied by the present PIV algorithm allows to measure spatial gradients up
to 0.5 pixel/ pixel. The spatial filtering eﬀect has been quantified in [158]
as a function of the ratio of the wavelength Λ of a reference sinusoidal
velocity field, divided by the interrogation window size Ws .
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Fig. 9.52. Evaluation of the uncertainty on the velocity measurements. For clarity,
every third vector is shown.
Table 9.14. Parameters of the PIV cross-correlation image interrogation algorithm
and uncertainty analysis.
Interrogation algorithm
Initial window size
Number of refinement steps
Final window size Ws
Window overlap
Spatial resolution ∆x = ∆y
Validation rate

20 × 20 pixel
1
10 × 10 pixel
50%
0.33 mm ≃ D/125 ≃ σc /4
96%

Uncertainty analysis
(∂u/∂y)max ; (∂v/∂x)max
εu ; εv
εu /δu ; εv /δv
ε∂u/∂y ; ε∂v/∂x
ε∂u/∂y / (∂u/∂y)max ; ε∂v/∂x / (∂v/∂x)max

0.25 pixel/ pixel; 0.16 pixel/ pixel
0.1 pixel ; 0.06 pixel
1.4% ; 1.5%
0.02 pixel/ pixel; 0.011 pixel/ pixel
8% ; 6.9%

In order to evaluate the accuracy of the measurements for the most unfavorable case, we consider the local velocity field in the core of the vortices.
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Figure 9.52 shows a PIV particle displacement field, together with axial and
radial profiles obtained through the core of one of the vortex rings that undergo pairing.
It can be seen that the maximum displacement gradient obtained in this
case does not exceed 0.25 pixel/ pixel, which is well below the maximum measurable gradient. Hence no gradient truncation is expected. The same velocity
profiles can be used to infer a minimum wavelength of the velocity fluctuations
in the vortex core region. It has been verified in [339] that the ratio Ws /Λ is
about 0.1. This yields a truncation of 3% of the peak velocity found around
the vortex core [158].
The absolute uncertainties on the displacement εu and εv (in pixels) are
given as functions of the displacement gradients ∂v/∂x and ∂u/∂y in [158].
The corresponding values for our case are indicated in table 9.14. The corresponding relative uncertainties are calculated by dividing the absolute values
by the variations δu and δv of the corresponding velocity component inside
the core. The uncertainty on the vorticity has been obtained using the expressions given in section 6.4.1 for the 3rd order accurate Richardson scheme. We
obtain an uncertainty on the vorticity in the core of about 8%.
A maximum absolute uncertainty on the measured displacement of about
0.1 pixel is found. Being given the maximum particle displacement of about
10 pixel, a dynamical range of about 100, i.e. a range of displacements extending over 2 decades, can therefore be measured.
9.10.5 Particle Centrifugation in the Vortex Cores: Bias Error
The particles motion is supposed to be identical to the motion of the surrounding fluid. This is achieved in liquid flows using neutrally buoyant particles. In
air flows, the Lagrangian accelerations must not be too severe. For the vortical
flows investigated in this study, the radial acceleration that is encountered in
intense vortices induces a gradual rarefaction of the particles in the vortex
core if their mass density is higher than the fluid density.
An example of such a rarefaction by centrifugation is illustrated in
figure 9.53, that shows a doubly-exposed image of the particles inside the core
of vortices measured in our jet flow. We clearly observe a particle rarefaction
in the core of the vortex.
The centrifugation of particles within the vortex core depends on their density compared to the fluid density, their diameter and the size of the vortex
core, amongst other parameters [344]. We use a seeding generator that provides a poly-dispersed distribution of oil particles with a mean diameter Dp
of the order of 1 µm and density equal to 850 kg/m3 . The flow field inside the
vortex and the vortex core radius σc have been determined using the focused,
high-resolution PIV acquisitions described in [339]. For these conditions the
particles have a negligible lag with respect to the flow in the azimuthal direction, the error concerns mainly the radial component of the velocity. This is
an important result since the radial velocity component does not contribute
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to the curl of the flow field. The centrifugation of the particles in the vortex
core does therefore not aﬀect the measurement of the vorticity.
The particle radial velocity vp is shown on the right side of figure 9.53,
and reaches 1.5% for our case. In spite of this small value, we observe in the
same figure on the left depletion in the vortex core. This is due the fact that
smaller particles remain longer in the core, combined with the quadratic law
relating the light intensity scattered by a particle to diameter [13]. A more
intense illumination and the use of a camera with a large intensity dynamic
range allows however to obtain a reliable correlation inside the vortex core.
9.10.6 Post-Processing: Automatic Vortex Tracking
An important issue, when integrating the acoustical source term defined by
the vortex sound theory, is the definition of the integration domain, centered
on the pairing vortices. As many realizations of the vortex pairing are required
to achieve statistical convergence of the acoustical source term, an automatic
and robust vortex detection algorithm was needed. The method is based on
the vortex detection algorithm described in section 9.9. This allows to automatically process the PIV series and define an integration window centered
on the pairing vortices as they evolve in the field of view.

Fig. 9.53. Centrifugation of oil particles inside of the vortex cores; raw image data
(left) and the radial velocity (right).
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Fig. 9.54. Detection of the
axial position of the vortex
cores as a function of the
phase of vortex pairing, and
definition of the integration
domain.

Figure 9.54 shows the axial position of the vortex rings’ cores during their
interaction, obtained using the vortex detection algorithm. The phase used
as abscissa is based on the excitation signal period, and is arbitrarily set to
zero at the moment when the leading and trailing rings are coplanar. A linear
fit of these data gives the trajectory of the integration window, which follows
the two vortices at a constant speed Uw = 0.57 U0 where U0 is the jet outlet
velocity. The axial extent of the integration window is ∆x = 0.3 D. Pseudotime resolved series of the acoustical source term were computed for the 100
sequences of 32 PIV fields. Details on the sound prediction method are given
in [339].
9.10.7 Acoustical Prediction
Figure 9.55 shows the acoustical spectrum predicted using the PIV acoustical
source data (symbols), superimposed to the acoustical measurements (line).
We observe a good quantitative agreement between the predicted amplitude
and the measured one for the frequencies not contaminated by the acoustical excitation (2.5 kHz): 1.25 kHz and 3.75 kHz. The predictions at 6.25 kHz
and higher frequencies are below the background noise of the measurements.
The measured spectrum shows nevertheless significant peaks above the background noise at frequencies that can be attributed to the pairing: 6.25 kHz
and 8.75 kHz. These peaks are largely underestimated in the prediction, presumably due to the smoothing process involved in the derivation of the PIV
data [347].
Such agreement between the prediction and the measurements is nevertheless remarkable for the 1.25 kHz and 3.75 kHz components. The frequency of
1.25 kHz is the one of leapfrogging 1 of the trailing ring inside the leading one.
1

The axis-symmetric leapfrogging of two vortex rings with equal vorticity sign
results from their mutual Biot-Savart interaction, leading to one or more slipthrough of the trailing ring inside the leading one. This interaction would be
periodic if the two vortices are modelled by vorticity filaments, while it eventually
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Fig. 9.55. Comparison of
predicted (symbols) and
measured (line) sound pressure level spectrum, at a
distance of 0.9 m from the
nozzle outlet and 90◦ from
the jet axis.

9.10.8 Conclusions
The originality of the present work is the prediction of aerodynamical sound
on the basis of an experimental description of the flow field. This approach is
problematic because of the large sensitivity of the aeroacoustical formulations
to small errors in the source description [341]. Yet, the results shown above
indicate that the processing of high-resolution, accurate PIV data with an
ad-hoc vortex detection algorithm provides a good prediction of the sound
produced by our vortex pairing.

